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1 Follow The Leader(FTL)

Follow The Leader algorithm is the most natural learning rule, which predicts the weight
vector by attempting to minimize loss on all the previos trails. That is,

t—1
Vt, w, = argmmz fi(w (1)
wesS 5

One introduces the regret to analyze the designed online learning algorithm, which mea-
sures how much difference the learner is compared with the best learner, which is defined
by

Regretr(u Z fi(wy) (u) (2)

To analyze FTL, one can show the regret of FTL is upper bounded by the commulative
difference between the loss of w; and w;y1. Assume wiy,wo, -+ be the sequence vectors
produced by FTL, then, for all u € .S we have

T
Regrety(u) =Y _(fi(wr) — <Y (filw) = filwigr)) (3)
t=1 =1

This inequality is very important inequality used through all the following analysis for
online learning algorithm. It can be understood as the loss suffered from any fixed pre-
dictive weight is greater or equal than loss from FTL since one can proof Zle fr(u) >
Zthl fi(wig1). Since it is valid for all u, one can choose u resulting in minimum loss, that
is, u is the best learner, to analyze the designed online learning algorithm. FTL works well
for Online Qudratic Optimization, but it fails to achieve sublinear regret in Online Linear
Optimization, which can be shown by the devised example. FTL focuses mainly on mini-
mizing loss incurred from past rounds without considering the generalization aspect. From
the traditional machine learning view, F'TL just focus on “training data”, even though one
can get minimum error on “training data”, it does not necessary mean it will achieve the
better performance. That’s the reason why one always add the penalty term with loss term
in classical machine learning.



2 Follow The Regularized Leader

Follow The Regularized Leader (FTRL) might be inspired by this idea. FLRT predicts
the weight vector at t trail by jointly minimizing the previous loss add regularizer term,
formally,

t—1
Vi, wy = argmznz fi(w) + R(w) (4)
wes 4

In the following, we will focus on the Eucleadiean regularization R(w) = ﬁHwHQand En-

tropic regularization R(w) = Z?:1 w; log w;. Specifically, for Online Linear Optimization,
it turns out that FTRL with Eucldiean regularization is Online Gradient Descent, since
one can derive update rule w1 = wy — NV fi(wy). It can be easily shown the regret from
FTRL from the Inequality (3),

T

Regretr(u) = Z(ft(wt) — fi(u)) < R(u) — R(w) + Z(ft(wt) — fr(wit1)) (5)

t=1 t=1

Using this general form for Online Linear Optimization with Eucleadiean Norm R(w) =
1 2
Ll

T
RegretT(u) = Z(ft(wt) - ft(u)) < ( + Z ft wt — [t wt+1))
t=1

T
1
= %Hqu + Z(wtzt — Wit12t)
=1

T
1
= %HuHQ + Z <wg — w1,z > (updatarule w1 = wg — Nzy)
t=1

1 T
= 5 Mlul? 0y |l=ll3
g t=1

Let U = {u : |Ju|| < B} and let L be such that %Z;‘FZI ||2¢]|3 < L?, and setting n = L\/Bﬁ,

we obtained the conscise upper bound
Regretr(u) < BLV2T (6)

We will generalize the above results to two aspects: any sequence of Lipschitz function
insteading of linear function with bounded norm and other regularization function. Firstly,
we show an useful lemma



Lemma 1 let f: S — R be a convex function. Then, f is L-Lipschitz over S with respect
to a norm || - || if and only if for allw € S and z € Of(w) we have that ||z||. < L, where
|- ||« is the dual norm.

Proof. Since f is convex function and z € df(w) and ||z||, < L, we have

fw) = f(u) < (z,w —u) < 2|l«][w —ul| < L|jw — ul|
From defination of L-Lipschitz function, f is the L-Lipschitz function over S. For the other
direction, we have f is L-Lipschitz function over S and z € Jf(w), let u be such that
u—w = argmin(v, z), therefore, (u —w, z) = ||z||«, from the definition of the sub-gradient,

|lvl|=1
fw) = fw) = (z,u —w) = 2]l
Since Lipschitzness of f, we have
L=L|ju—w|| = f(u) - f(w)

Combine the above two inequalities, we conclude that ||z||x < L. Need to spend more time
here

Once we have the above lemma, if we run OGD on a sequence convex and L-Lipschitz
function fq, fo,--- then for all u, we have

T
1 1
Regretr(u) < %HUH2 +nz 213 < %HUH2 +nTL?

and in particular, if U = u : ||u]|2 < B and setting n = then

\/ﬁ’
Regretp(u) < BLV2T

3 Analyzing FTRL with Strong Convex Regularizers

From the above, we know

T

Regrety(u) =Y (fi(wr) — fi(u)) < R(u) )+ Y (felwr) = frlwer))  (7)
t=1 t=1

If we add a strongly convex regularizers R(w) to the function f;, Fy(w) = i1 fi(w)+R(w)

will be strongly convex function. From strongly convexity of F;(w) and Llpschltzness of

ft, we can obtain a general lemma:

Lemma 2 Let f1,---, fr be a sequence of convex function such that fy is Ly Lipschitz with
respect to some norm || - ||, Let L be such that S L L? < L2, Assume that FTLR is run
on the sequence with d-strongly convex regularizion function with respect to same norm,

then
. TL?
Regretr(u) < R(u) — ngLR(v) + 5 ()
ve



4 Online Mirror Descent

One possible disadvantage of the FTRL is that is more involved to solve an optimization
problem at each online round. Using the linear function in which f;(w) = (w, 2;) with some
regularization function R(w). From FTRL, we know

t

w1 = argminR(w) + Z(w, 2t)
v i=1

= argminR(w) + (w,211) (214 = Z zi)

w

i=1
= argmazx(w, —z1) — R(w)
Letting
g(0) = argmaz(w, ) — R(w), (9)

w

So the FTRL prediction can be based on the following recursive update rule:

L 01 =0 — 2

2. w1 = g(0141)
From this general online mirror descent framework, we can derive the Normalized Expo-
nentiated Gradient which has the strong relationship with Weighted Mojarity algorithm in
the expert learning scenarioneed to check this again

4.1 Normized Exponentiated Gradient

Let #*" component of g(6) be

enoli]
9i(0) = W (10)
therefore,
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5 Appendix

For entropic regularization function R(w) = Z?:l w; logw;, where w € S = {w : w >
0, Zf-l:l w; < B}, we attempt to obtain the maximum and minimum value of R(w), Firstly,
consider

d
Z w; log w; (11)

weS;—1

Construct the Lagrange function

d d
L(w,\) =Y wilogw; — A} _w; — B) (12)
i=1 =1

Computing the gradient of function L w.r.t w and set it to zeor, we get

w; = e (13)

that means every component of w is equal, that is, w; = %, Plugging this into the objective

function, we get minimum value of R(w),

B
R(w)min = Blog d (14)

For maximum value, this convex function can achieve it at boundary, So the maximum
value of R(w) is
R(w)min, = Blog B (15)

Here, we define Olog0 = 0
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